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Abstract Although rapid advancements of online
networking technologies and softwares (e.g., 5G, Inter-
net of Things, Big data) have substantially facilitated
our communications with others, the regular face-to-
face contact is still an important communication chan-
nel in our daily life. Modeling the information diffu-
sion through both online and offline interactions has
become a challenging topic that has attracted much
attention from the field of industrial informatics. To this
end, we characterize the coupling effect of online and
offline communication by developing a multilayer net-
work propagation model, which considers three novel
aspects: two distinct contagions taking place at two
types of social software; competition and dynamic pro-
cesses between them under the joint influence of indi-
vidual selection and information dissemination; and
information coupling between offline and online social
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networks. Moreover, a mean-field method is provided
to analyze the critical threshold, and extensive Monte
Carlo simulations are performed to demonstrate the
theoretical predictions and explore the rich dynamical
phenomena. Current results are conducive to under-
standing the transmission of information or epidemic
spreading within the structured population, and further
motivating the design of networked hardware and soft-
ware with high performance.

Keywords Propagation model · Multilayer net-
work · Offline and online networks · Mean-field
approximation · Monte Carlo simulation

1 Introduction

Epidemic spreading models and techniques have often
been used to characterize and analyze various conta-
gion phenomena, such as disease spreading, informa-
tion diffusion, fashion trend, religious belief, computer
viruses and product promotion [1–6], where the critical
threshold of propagation behavior and impact of differ-
ent factors on the propagation processes are explored in
depth. Among them, most previous work studied one
single epidemic on the network [7–12] or two kinds
of contagion phenomenon on the same network [13–
17]. However, many real-world systems are not iso-
lated or independent, but often coupled or interrelated
with each other. To be worthy of being mentioned,
Buldyrev et al. [18] seminally investigated the phase
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transitions between two interdependent complex net-
works and find that the system becomes much more
fragile even under the random attacks. After that, a
lot of works focus on the structural properties of and
dynamics on top of multilayer or interdependent net-
works [19–24].

Under the different scenarios, the contagion pro-
cesses include the simple or complex contagion [25–
29]. In a simple contagion, a node in the network
changes its states by interacting with one neighbor who
has already changed, which is akin to the infection
process. The SIS (susceptible–infected–susceptible)
model can be considered as a prototype for the simple
contagion, which is known to have a critical value of
infection rate and a continuous transition to the infec-
tion phase [1,7,30,31].Yet, in a complex contagion, the
state transition of nodes depends on the global state of
the neighborhood. Among them, the threshold model
with the discontinuous transition to infection phase at
a critical value of the fraction of infective neighbors is
a representative of complex contagion [32–34].

In fact, most early studies of dynamics in complex
networks focus on the single dynamical process, espe-
cially in multilayer or interconnected networks [35–
37]. Recently, many researchers have studied the cou-
pling of two simple or two complex contagion pro-
cesses in multilayer or interconnected networks [38–
51]. Of particular concern, coupling two dynamical
processes on networks has been raised in Ref. [52],
where they consider the coupling of SIS and threshold
contagion model and apply them into a two-layered
network, and the results show that the threshold-SIS
coupled system can dramatically vary the phase transi-
tion properties, which is different from most previous
researches [53–56]. However, they only investigate the
dynamics of single contagion based on SIS-type model
in two-layer network and make the state changing of
nodes irreversible. Afterward, there are few works to
integrate these two contagion process into one model
framework over two layers. Therefore, we will try to
fill in this gap and propose a multilayer propagation
model in complex networks, which couples two differ-
ent contagion processes by taking more realities and
factors into account.

In the modern society, the emergence of Internet,
smartphones and online social networks help create
new modes of communications among people, which
enable the information spread much faster and more
widely. Taking an example, a video can be known by

people all over the world and become popular in a very
short time via YouTube. Especially, the viral market-
ing mode on Internet [57] has become one of the most
effective ways to grow business and web site, and it
is very common for dealers to promote their products
and expand the influence of products through social
software. The advertisers generate something (such as
a YouTube clip) that is quirky, interesting or amusing
enough so that consumers will actively spread it across
social software. However, for the same type of prod-
uct, there may exist different brands and competing
distributors in the same market. For any distributor, it
is a good idea to choose the new social software to
promote their products. They promote their products
through online social software by advertising, so that
their products can be known by more people. In fact,
many people could use many different social software
at the same time, and they will learn about the related
products at the same time from the online or offline
information if they need to purchase a product. While
making a decision, it is likely that people chose to buy
the product they learn from social software.More often,
they would like to take both the online reputation of
the product and the feedback from their friends into
account. The online reputation of the product becomes
a part of what people taking into account rather than
the immediate cause for making decisions. Sometimes,
they will choose to buy products that are more popular
among their friends within the specified budget, though
they have not known about the product through internet
yet.

Therefore, themultilayer propagationmodel in com-
plex networks is necessary to combine the online and
offline information to aid the decision process; mean-
while, the model needs to contain two different dynam-
ical processes, that is, the dissemination of information
in online social software and individual decision can be
described through the simple and complex contagion
simultaneously. Among the existing researches, most
work is view of coupling two kinds of online social
software [41–45] or a kind of online social software
and offline actual Individual [31,37,50,51]. Few stud-
ies have focused on the coupling of two kinds of online
social networks and offline actual Individual. Based
on the above considerations, we propose our three-
layer network to represent the actual individual and
two pieces of social software, and then put forward the
improved SIR (susceptible–infected–removed) model
to simulate the online dissemination and utilize the gen-
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Fig. 1 Three-layer network model adopted in the current paper.
Inside each layer, the solid lines mean the links among nodes
within the same layer, while the dotted lines denote the interlayer
links among different layers. In this figure, we only show a small
part of nodes and edges to illustrate the model

eralized linear threshold [58] model to imitate the indi-
vidual decision-making process.

The rest of this paper is structured as follows. Firstly,
we illustrate the model in detail in Sect. 2. Then, two
main theorems are derived by using the mean-field
approximation in Sect. 3, and extensive Monte Carlo
simulations are carried out to demonstrate the corre-
sponding theoretical predictions in Sect. 4. At last,
in Sect. 5, we end this paper with some concluding
remarks.

2 Model description

The new three-layer propagation network framework
can be illustrated in Fig. 1, which consists of three lay-
ers of complex networks, labeled as layer 1, layer 2
and layer 3. layer 1 and layer 3 stand for two social
networks, such as Twitter and Facebook, where the
links shown by solid lines between the nodes represent
the following or friend relationships among the online
accounts. layer 2 denotes the network composed of
individuals in real world, in which the links shown
by solid lines mean that two individuals are friends
or acquaintances among them.

Furthermore, there are interlayer links shown by
dashed lines between layer 1 and layer 2, or between
layer 2 and layer 3. These interlayer links are some
random connections signifying the interconnections of

Fig. 2 State transition diagram for improved SIR model in the
layer 1 and layer 3. The states of the dashed line are not the
final state of the node, only to facilitate the interpretation of the
model

real-world individuals and online accounts in social
software. For instance, in Fig. 1, the node 1 in layer 1
and node 2 in layer 2 are connected by a dashed line,
which means the online account represented by node 1
belongs to the individual indicated by node 2. We use
m1 and m2 to denote the average number of interlayer
links of each node. In layer 1 and layer 3, we utilize
our improved SIRmodel to simulate the propagation of
reputation or advertising of product in social software.
While for layer 2, we take advantage of generalized
linear threshold model to imitate the decision process
that individuals make by following the crowds. The
model is further described as follows.

2.1 Improved SIR model

We propose an improved SIR model to better adapt
to the scenario we mentioned before. Unlike the tradi-
tional model, the nodes following improved SIRmodel
change their state under the impact of neighbors from
both the same layer and other layers. In addition, the
state transition of nodes can only happen in the current
layer.

In our improved SIR model, any node can exist
in one of three possible states: S (Susceptible), I
(Infected) and R (Removed). Here, S means that the
node has not transmitted the information, while state I
includes I1 in layer 1 and I2 in layer 3, which denotes
that the node has been notified and will transmit the
information.Meanwhile, we utilize the state R to imply
that the node will not transmit the information about
the product any more. The state transition of improved
SIR model is illustrated in Fig. 2, in which the states
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with dashed line are just set up for analyses and will
not actually exist in the model, and main parameters in
Fig. 2 can be further explained as follows:

– Rate of interest p. We use p1 to denote the proba-
bility that a node in state S is interested in product
1 (p2 for product 2). Generally speaking, people
forward information about a product when they are
interested in it. If people are not interested in the
product, they are more likely to ignore or refuse to
forward it.

– Infection rate λ. If a node is interested in product
1 (or 2), it will transmit or forward the related infor-
mation from its neighbor which has already trans-
mitted the information with probability λ1 (or λ2).
Thus, the node interested in product 1 will switch
into state I1 with probability λ1 under the impact
of neighbor in state I1.

– Recovery rate δ. The nodes in state I1 (or I2) will
recover on its own and turn into state S with proba-
bility δ1 (or δ2). The information in the network is
time-sensitive, after a period of time, the informa-
tion that has been forwarded may lose its function
or utility since it cannot be noticed in time.

– Removed rate μ. If the node has no interest in
product 1 (with probability 1− p1), it will switch
into state R with probability μ1 under the impact
of neighbor in state I2. The similar rules will hold
for layer 3. The removed node will not transmit
the information or become interested in product.

– Unremoved rate β. In our model, the node in state
R will not be permanently removed. The node in
state R will turn back into state S with probability
β (β1 in layer 1 and β2 in layer 3).

2.2 Generalized linear threshold model

In the generalized linear threshold model [58], the
nodes change their state according to the state of their
neighbors, but the state changing process is irrelevant
with their own current state. Take node 3 in Fig. 2 as an
example, the node 3 has seven neighbors (four neigh-
bors in layer 2, one neighbor in layer 1, and two neigh-
bors in layer 3), three neighbors are in state I2 and only
one neighbor is in state I1, then the node 3 will change
into state I2 with a probability of 3

7 , enter state S with
a probability of 3

7 (the nodes in state R are computed as
the nodes in stateS) or stay in the same state I1 with a
probability of 1

7 . It is necessary to note that the modes

have a certain probability α to choose their own state at
random in the generalized linear threshold model, but
we do not take the random choice into account in the
current model and let α = 0 so as to simplify the model
description.

3 Mean-field analysis

In this section, we aim at deriving the critical threshold
of infection rate and analyzing the system dynamics
in homogeneous and heterogeneous networks, respec-
tively. At each time step, the node j will be stochas-
tically chosen from three layers, and his state will be
changed according to the impact of his neighbors.

If the node j belongs to layer 1 or layer 3, he will
switch his state following the improved SIRmodel. Let
jil (l = 1, 2) denote the number of neighbors in state Il .
The node j will become interested in product l with
the probability of

pl = λl

λl + μl
. (1)

If the node j is interested in product l, he will not
turn into state Il with the following probability

1 − Prob[S ji → Il ] = (1 − λl)
jil , (2)

where S ji represents that node j is interested in
product l, but not infected. To perform the mean-field
approximation, it is necessary to calculate the average
probability of 1 − Prob[S → Il ]. Akin to [52], we
assume the number of neighbors of node j in state Il
to be given by a Poisson distribution as follows:

P( jil) = 〈 jil〉 jil e−〈 jil 〉

jil ! . (3)

Then, the average probability of susceptible node j
is interested in product l, but will not be infected and
could be written as

〈(1 − λl)
jil 〉 =

∞∑

jil=0

〈 jil〉 jil e−〈 jil 〉

jil ! (1 − λl)
jil

= e−λl 〈 jil 〉. (4)

Thus, we can derive the average probability of
Prob[S → Il ] as follows:
Prob[S → Il ] = pl(1 − e−λl 〈 jil 〉). (5)

Similar equation for the probability that the node j
in state S will change to state R can be obtained as

Prob[S → R] = (1 − pl)(1 − e−μl 〈 jrl 〉), (6)
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where jrl (l = 1, 2) denotes the number of neighbors
of node j in state I2(l = 1) or state I1(l = 2) in layer
2.

If the node belongs to the layer 2, the node j will
switch its state with the following probability [58],

Prob(Sn2,i = X) =
∑

f (S p
2,i )

ni
, (7)

where X = S, I1, I2, Sn2,i denotes the state of node i

at the next time step and S p
2,i represents the state at the

current time step and ni is the number of its neighbors.

3.1 Homogeneous topology

For homogeneous topology, almost all nodes will have
the same degree and the degree distribution has a clear
peak value, i.e., bell-shaped distribution. Therefore, we
can consider the average degree as the degree of an
individual node, that is,

ki ≈ 〈k〉. (8)

Meanwhile, i1,1(t), r1(t), s1(t), i1,2(t), i2,2(t),
i2,3(t), r2(t) and s3(t) are used to represent the den-
sity of the nodes in state I1 in layer 1, the nodes in
state R in layer 1, the nodes in state S in layer 1, the
nodes in state I1 in layer 2, the nodes in state I2 in
layer 2, the nodes in state I2 in layer 3, the nodes in
state R in layer 3 and the nodes in state S in layer 3,
respectively. Thus, the system dynamics in each layer
can be described through the following equations,
⎧
⎪⎨

⎪⎩

di1,1(t)

dt
= −δ1i1,1(t) + p1s1(t)(1 − e−λ1〈 ji1〉)

dr1(t)

dt
= −β1r1(t) + (1 − p1)s1(t)(1 − e−μ1〈 jr1〉)

(9)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

di1,2(t)

dt
= (1 − i1,2(t))

k2i1,2(t) + m1i1,1(t)

k2 + m1 + m2

− i1,2(t)

(
1 − k2i1,2(t) + m1i1,1(t)

k2 + m1 + m2

)

di2,2(t)

dt
= (1 − i2,2(t))

k2i2,2(t) + m2i2,3(t)

k2 + m1 + m2

− i2,2(t)

(
1 − k2i2,2(t) + m2i2,3(t)

k2 + m1 + m2

)

(10)

⎧
⎪⎨

⎪⎩

di2,3(t)

dt
= −δ2i2,3(t) + p2s3(t)(1 − e−λ2〈 ji2〉)

dr2(t)

dt
= −β2r2(t) + (1 − p2)s3(t)(1 − e−μ2〈 jr1〉)

(11)

where (9),(10) and (11) denote the system dynamics
for layer 1, layer 2 and layer 3, respectively. Among
them, Eq. (10) for layer 2 can be further reduced to

⎧
⎪⎨

⎪⎩

di1,2(t)

dt
= k2i1,2(t) + m1i1,1(t)

k2 + m1 + m2
− i1,2(t)

di2,2(t)

dt
= k2i2,2(t) + m2i2,3(t)

k2 + m1 + m2
− i2,2(t)

(12)

When the dynamics in layer 2 arrive at the stable
state, let the left side of (12) be zero, and (12) can be
rewritten as⎧
⎪⎨

⎪⎩

i1,2(t) = i1,1(t)m1

m1 + m2

i2,2(t) = i2,3(t)m2

m1 + m2

(13)

As for the layer 1 and layer 3, we have following
theorem:

Theorem 1 In homogeneous networks, our improved
SIR model holds the same critical value of infection
rate as the classical SIS model and the critical value of
infection rate is a function of 〈k〉, m1 and m2.

Proof Thedifferencebetweenour improvedSIRmodel
and the classical SIS model is that the node in the
classic SIS model infects his neighbors and changes
their states, while the node in our improved SIR model
varies his own state under the impact of his neighbors.
Although two models have distinct modes of propaga-
tion, their critical values are often the same [52] in the
single network. We also run the simulation experiment
in our three-layer network in Sect. 4, it turns out that
two models still have the same critical value of infec-
tion rate. Furthermore, in a homogeneous topology, the
following equality is valid,

〈 ji1〉 = 〈k1i1,1 + m1i1,2〉. (14)

Henceforth, we can rewrite the first equation in (9)
as follows,

di1,1(t)

dt
= − δ1i1,1(t) + p1s1(t)λ1(k1i1,1(t)

+m1i1,2(t)) (15)

Then, we plug (13) into (15), and the critical value
of infection rate can be depicted as follows:

λ1c = 1

〈 ji1〉 ⇒ λ1c = 1〈
k1 + m2

1
m1+m2

〉 (16)

The critical value of λ2 can be derived in a similar
way,

λ2c = 1

〈 ji2〉 ⇒ λ2c = 1〈
k3 + m2

2
m1+m2

〉 (17)

�	
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3.2 Heterogeneous topology

When the topology of network is highly heterogeneous,
degree distribution is no longer bell-shaped, and the
average degree cannot represent the degree of one sin-
gle node. Therefore, we can only write the dynamical
equations for each degree k class as follows:

⎧
⎪⎪⎨

⎪⎪⎩

dik1,1(t)

dt
= −δ1i k1,1(t) + p1sk1 (t)(1 − e−λ1〈 ji1〉)

drk1 (t)

dt
= −β1rk1 (t) + (1 − p1)sk1 (t)(1 − e−μ1〈 jr1〉)

(18)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dik1,2(t)

dt
= (1 − i k1,2(t))

k2Θk
1,2(t) + m1Θ

k
1,1(t)

k2 + m1 + m2

− i k1,2(t)

(
1 − k2Θk

1,2(t) + m1Θ
k
1,1(t)

k2 + m1 + m2

)

dik2,2(t)

dt
= (1 − i k2,2(t))

k2Θk
2,2(t) + m2Θ

k
2,3(t)

k2 + m1 + m2

− i k2,2(t)

(
1 − k2Θk

2,2(t) + m2Θ
k
2,3(t)

k2 + m1 + m2

)

(19)

⎧
⎪⎪⎨

⎪⎪⎩

dik2,3(t)

dt
= −δ2i k2,3(t) + p2sk3 (t)(1 − e−λ2〈 ji2〉)

drk2 (t)

dt
= −β2rk2 (t) + (1 − p2)sk3 (t)(1 − e−μ2〈 jr1〉)

(20)

where i k1,1(t), r
k
1 (t), sk1 (t), i

k
1,2(t), i

k
2,2(t), i

k
2,3(t), r

k
2 (t)

and sk3 (t) represent the relative density of the nodes
in state I1 in layer 1, the nodes in state R in layer
1, the nodes in state S in layer 1, the nodes in state
I1 in layer 2, the nodes in state I2 in layer 2, the
nodes in state I2 in layer 3, the nodes in state R in
layer 3 and the nodes in state S in layer 3 with degree
k, respectively. Furthermore, Θk

1,1(t), Θ
k
1,2(t), Θ

k
2,2(t)

and Θk
2,3(t) denote the probability from any given link

to an infected node, and they are equal for any degree
class k with in the same layer, that is,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Θk
1,1(t) = Θ1,1(t) =

∑
k1 k1P(k1)i1,1(t)

〈k1〉
Θk

1,2(t) = Θ1,2(t) =
∑

k2 k2P(k2)i1,2(t)

〈k2〉
Θk

2,2(t) = Θ2,2(t) =
∑

k2 k2P(k2)i2,2(t)

〈k2〉
Θk

2,3(t) = Θ2,3(t) =
∑

k3 k3P(k3)i2,3(t)

〈k3〉

(21)

Analogously, (19) can be further simplified as fol-
lows:

⎧
⎪⎪⎨

⎪⎪⎩

dik1,2(t)

dt
= k2Θk

1,2(t) + m1Θ
k
1,1(t)

k2 + m1 + m2
− i k1,2(t)

dik2,2(t)

dt
= k2Θk

2,2(t) + m2Θ
k
2,3(t)

k2 + m1 + m2
− i k2,2(t)

(22)

Similarly, let the left side of (22) be zero when the
systems reach the stable state, the following equation
can be obtained,
{
k2Θk

1,2(t) + m1Θ
k
1,1(t) = i k1,2(t)(k2 + m1 + m2)

k2Θk
2,2(t) + m2Θ

k
2,3(t) = i k2,2(t)(k2 + m1 + m2)

(23)

Starting from the first equation of (23), we can mul-
tiply both sides by P(k2) andmake the summation over
k2,
∑

k2
P(k2)k2Θ

k
1,2 +

∑
k2

P(k2)m1Θ
k
1,1

=
∑

k2
P(k2)i

k
1,2k2 +

∑
k
P(k2)i

k
1,2(m1 + m2).

(24)

That is,

〈k2〉Θk
1,2 + m1Θ

k
1,1 = 〈k2〉Θk

1,2 + i k1,2(m1 + m2).

(25)

The similar equation can be derived through the sec-
ond equation in (23) as follows:

〈k2〉Θk
2,2 + m2Θ

k
2,3 = 〈k2〉Θk

2,2 + i k2,2(m1 + m2).

(26)

Thus, for layer 2 we can obtain:
⎧
⎪⎪⎨

⎪⎪⎩

i1,2 = Θk
1,1m1

m1 + m2

i2,2 = Θk
2,3m2

m1 + m2

(27)

Similar to homogeneous network, we have follow-
ing theorem for the layer 1 and layer 3:

Theorem 2 In heterogeneous networks, our improved
SIRmodel also holds the samecritical value of infection
rate as classical SIS model, and the critical value of
infection rate is a function of 〈k〉, 〈k〉2, m1, m2 and p.

Proof Generally, we can hypothesize the following
equality for heterogeneous networks,

〈 ji1〉 = k1Θ
k
1,1 + m1i1,2. (28)

Thus, we rewrite the first equation of (18) as follows:
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dik1,1(t)

dt
= −δ1i

k
1,1(t)

+p1s
k
1 (t)λ1(k1Θ

k
1,1 + m1i1,2(t)) (29)

After that, we plug first equation of (27) into (29)
and the normalized condition sk1 (t) + i k1,1(t) = 1 must
be satisfied at any time step t . Then, we can obtain the
following equation,

dik1,1(t)

dt
= −δ1i

k
1,1(t)

+p1(1 − i k1,1(t))λ1

(
k1 + m2

1

m1 + m2

)
Θk

1,1

(30)

When the system arrives at the steady state, the left
side of (30) is presumed to be zero, which leads to,

i k1,1 =
p1λ1

(
k1 + m2

1

m1 + m2

)
Θk

1,1

δ1 + p1λ1

(
k1 + m2

1

m1 + m2

)
Θk

1,1

(31)

where i k1,1 is the fraction of infected nodes at steady
state. Based on (21) and (31), we can derive the fol-
lowing equation,

Θ1,1 =
∑

k1 k1P(k1)i1,1

〈k1〉

= 1

〈k1〉
∑

k1
k1P(k1)

λ1

(
k1 + m2

1

m1 + m2

)
Θk

1,1

δ1 + λ1

(
k1 + m2

1

m1 + m2

)
Θk

1,1

= g(Θ1,1) (32)

It is obvious that (32) has a trivial solution as follows:

Θ1,1 = 0. (33)

In order to make (32) have a nontrivial solution, the
derivative of g(Θ1,1) at Θ1,1 = 0 must fulfill the fol-
lowing condition,
dg(Θ1,1)

dΘ1,1
|Θ1,1=0 ≥ 1, (34)

which creates the following inequality,

∑

k1

k1P(k1)λ1

(
k1 + m2

1

m1 + m2

)

〈k1〉

=

〈
k1

(
k1 + m2

1

m1 + m2

)〉

〈k1〉 p1λ1 ≥ 1

(35)

Thus, the critical threshold for λ1 in layer1 can be
calculated as follows:

λ1c = 〈k1〉

p1

〈
k1

(
k1 + m2

1

m1 + m2

)〉 (36)

As a further step, the critical value of λ2 in layer3
can be derived in a similar way,

λ2c = 〈k3〉

p2

〈
k3

(
k3 + m2

2

m1 + m2

)〉 (37)

�	

4 Simulation results

Firstly, we perform the simulations on a three-layer ER
random network of N1=N2=N3=5000 nodes and the
nodes in layer1 and layer2, layer2 and layer3 will
be randomly connected. We run the dynamics with a
set of parameters as illustrated in Fig. 3 and 0.5%nodes
randomly chosen in layer1 and layer3 setting to infec-
tion state, which presents some results in the classic
SIR model (Fig.3a) and our SIR model (Fig. 3b). As
shown in Fig. 3, our model exhibits distinct features
when compared with the classic SIR model, in which
the proportion of infected nodes in both layer 1 and
layer 3 grows faster, then descends and reaches a lower
level with the increase of removed nodes. Nevertheless,
in our improved SIR model, the proportion of infected
nodes in layer 1 and layer 3 declines and arrives at
a stable value, rather than tends to be extinct. Fur-
thermore, the proportion of infected nodes in layer 2
increases up to a certain proportion and does not show a
downward trend. But in the classic SIR model, the pro-
portion of infected nodes in layer 2 is almost reduced
to zero before reaching a higher level.

Then, we observe the dynamics in scale-free net-
works under the same condition. As shown in Fig. 4,
the results show the same characteristics as random
graphs. The differences are the proportion of infected
node in layer 1 and layer 3 is smaller than those in ER
random network under the same set of parameters, and
the gap between layer 1 and layer 3 becomes larger.
Both Figs.3 and 4 indicate that the products with better
online advertising coverage will also have a higher pro-
portion in the real population.Moreover, the proportion
of infected nodes in layer 2 grows with the proportion
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Fig. 3 Proportion of nodes in each layer evolves with time
step on the classical SIR model [left panel (a)] and improved
SIR model [right panel (b)] in ER random network. The model

parameters in the simulation are set to be: k1 = k2 = k3 = 8,
m1 = m2 = 1, λ1 = 0.7, λ2 = 0.5, δ1 = δ1 = 0.3, μ1 = 0.4,
μ2 = 0.6, and β1 = β2 = 0.2

Fig. 4 Proportion of nodes in each layer evolves with time step on the classical SIR model [left panel (a)] and improved SIR model
[right panel (b)] in scale-free network with γ = 2.3. The other parameters hold the same value as those in Fig. 3

of infected nodes in layer 1. Meanwhile, the propor-
tion of infected nodes in layer 2 keeps growing when
the dynamic in layer 1 reaches the steady state, but the
rate of growth slows down. After a period of time, the
whole system reaches the steady state and the propor-
tion of infected nodes will not change any more.

In Fig. 5, we further discuss the impact of λ1, μ1

and m1 on the propagation in ER random networks. It
is indicated that the larger λ1 will promote the propa-
gation in panel (a). As λ1 increases, the proportion of
infected nodes gradually grows. The larger the λ1 is,
the higher the proportion of infected nodes is. At the
same time, the proportion of nodes in state I1 in layer

2 also increases with the increase in the proportion of
infected nodes in the first layer. On the contrary, the
proportion of nodes in state I2 decreases. In addition,
if the proportion of infected nodes in layer1 is about
zero, the nodes in state I1 in layer 2 will vanish. When
proportion of infected nodes in layer 1 is larger than
layer 3, the proportion of nodes in state I1 in layer 2
is also larger than in state I2. The impact of μ1 is illus-
trated in panel (b). The proportion of infected nodes
layer 1 is reduced to a lower level, while the propor-
tion of removed noses become higher andμ1 increases,
and the infected nodes in layer 2 also show the same
trend. Additionally, when μ1 = 1.0, the proportion of
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Fig. 5 Proportion of nodes in each layer vary with λ1 [panel
(a)], μ1 [panel (b)] and m [panel (c) and panel (d)] in ER ran-
dom network. In panel (c), 0 < m < 1, and in panel (d), m > 1.

When vary with λ1, μ1 and m, the other parameters hold the
same value as those in Fig. 3

nodes in state R in layer 1 is very close to the propor-
tion of nodes in state I2 in layer 2 and the nodes in
state I1 in layer 1 will not be very little.

The panels (c) and (d) in Fig. 5 indicate the role
of m1 in the propagation. In panel (c), 0 < m1 < 1,
which simulates the scenarios where social software is
not widely used, some people still have no accounts.
The proportion of nodes in state I1 in layer 2 will not
approach a high level when m1 is very small. Then,
with the increasing of m1, the proportion of nodes in
state I1 reaches a higher level and the proportion of
nodes in state I2 reduces to a lower level. In contrast,
m1 > 1 represents the situation of the social software
has a high penetration rate and several people share one
account or a person has more than one account at the
same time. As we can observe, the impact ofm1 on the
layer 2 is more obvious than that on the layer 1 and

layer 3. When m1 is large enough, the proportion of
nodes in state I1 in layer 2 will be very close to the
proportion of nodes in state I1 in layer 1.

Figure 6 presents the impact of λ1, μ1, m1 in scale-
free networks. We find that the influence of these fac-
tors on scale-free networks is almost the same as that
on random graphs. However, the proportion of infected
nodes of layer 1 and layer 3 in scale-free networks is
smaller than those in ER random network and the gap
between layer 1 and layer 3 is larger. From Figs. 5 and
6, some potential approaches to promote the products
can be implied. In order to encourage more people to
buy products, it is very helpful to make the advertise-
ment through online social software. The panels (a) of
Figs. 5 and6 both illustrate that there will be very few
buyers of products when the advertisement of product
1 is not epidemic (λ1 < λ1c) on social software, which
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Fig. 6 Proportion of nodes in each layer vary with λ1 [panel
(a)], μ1 [panel (b)] and m [panel (c) and panel (d)] in scale-free
networks. In panel (c), 0 < m < 1, and in panel (d), m > 1.

When vary with λ1, μ1 and m, the other parameters hold the
same value as those in Fig. 3

may be attributed to the fact that users knowing about
this product are not enough. However, products can be
promoted among people when the users knowing about
this product are enough(λ1 ≥ λ1c), which is a distinct
feature from classical competition model [43–46]. In
panels (b) of Figs. 5 and 6, we can see that effective
reduction of removal rates has a positive impact on out-
come though the higher μ1 will not make the number
of purchasers falling to zero. And panels (c) of Figs. 5
and 6 indicate that choosing social software with high
popularity is very beneficial to promote products since
this kind of social software can make products known
to more people, which increases the number of buyers.
Panels (d) of Figs. 5 and 6 show that the product will
have so many buyers and the density of buyers is close
to the density of the advertisement when this social
software is over-saturated. Although this situation will

not occur in real life, it is very effective to help dis-
seminate advertisements by registering multiple social
accounts.

After that, we further compare the classical SIS
model and our improved SIR model on the three-
layer network in Fig. 7, which shows the proportion
of infected nodes in layer 1 at the steady state as λ1
varies. The results indicate that the classical SIS model
and improved SIR model have the similar threshold of
infection rate. Thus, it is possible to obtain the criti-
cal threshold of our improved SIR model indirectly by
solving the that of classical SIS model in Sect. 3. In
addition, we also find that the scale of infected nodes
in ER random network is slightly larger than that in
scale-free networks, which is consistent with previous
results [53]. Although the critical values of two models
are the same, the fraction of infected nodes under the

123



A new propagation model coupling the offline and online social networks

Fig. 7 Proportion of infected nodes in layer 1 vary with λ1 in ER random network [panel (a)] and scale-free network [panel (b)]

Fig. 8 The theoretical value and simulation value of critical value varies k1 in ER random network [panel (a)] and scale-free network
[panel (b)]

classical SIS model is much larger than that of our SIR
model at the steady state.

Finally, on the basis of Fig. 8, we compare the theo-
retical predictions with the simulation results regarding
the infection threshold in Fig. 8. The panel (a) shows
the fitting result on ER random network, and the panel
(b) illustrates the result on scale-free network. The the-
oretical prediction is calculated by the critical value for-
mula (16) and (36) in section III. We can observe that
the critical value of λ1 is a function of k1 and the criti-
cal value decreases with the increase of k1 in both ER
random networks and scale-free networks. The accu-
racy of fitting results on ER random networks is pretty
excellent, and there is almost no deviation between
theoretical prediction and simulation results. However,
on scale-free networks, the simulation results present

some small fluctuations, but the overall results are still
quite good, which could be caused by the finite-size
effect of scale-free networks [53–55].

5 Conclusion

In summary, we proposed a three-layer network model
coupling the offline and online social networks together
to discuss the spread of contagions, and then put for-
ward an improved SIR model to further mimic the evo-
lution of dynamical processes taking place within mul-
tiple interacting networked systems. By utilizing the
mean-field approximation approach, we theoretically
derive the critical value of infection rate. Meanwhile,
extensive simulations are performed both on ER ran-
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dom networks and scale-free networks. Based on the
simulations, the improved SIR model has a different
performance from the classic SIR model, and the pro-
portion of removed nodes will not reach a high level
and the infected nodes will not tend to perish. Besides,
the influence of different factors on the propagation
behavior at the stationary state is also provided. In the
simulation results, ourmodel has a diverse performance
comparedwith the classical multilayermodel under the
impact of infection rate. Taking together, the current
results will be greatly helpful for us to understand vari-
ous contagion phenomena within many real-world sys-
tems used viral marketing mode in depth. By combin-
ing pattern selection and synchronization onmultilayer
neural network, our model will have wider application
prospects.
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